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We study the two-field warm inflation models with a double quadratic potential and a linear
temperature dependent dissipative coefficient. We derived the evolution equation of all kinds of
perturbations without assuming slow-roll approximation, and obtained the curvature power spec-
trum at the end of inflation with a fully numerical method. Then we compute the scalar spectral
index ns, tensor-to-scalar ratio r for several representative potentials, and compare our results with
observational data. At last, we use Planck data to constrain the parameters in our models. This
work is a natural extension of single-field warm inflation, and the aim of this work is to present
some features of multi-field warm inflation using a simple two-field model.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Inflation is widely accepted as the leading theory de-
scribing the early Universe [1–3], because it solves many
long-standing puzzles of the hot big bang model, such as
the horizon, flatness, and monopole problems. In addi-
tion, primordial fluctuations generated in inflation pro-
vide the seed for the large-scale structure of our Uni-
verse, and it can explain the temperature anisotropies
on cosmic microwave background (CMB) naturally. In
standard cold inflation, cosmological expansion and re-
heating are two separate period and we still know little
about the details of reheating. The recent observational
results have reached an impressive level of precision and
improved the upper bound on tensor-to-scalar ratio r,
so many representative models are ruled out in standard
inflationary paradigm.
Warm inflation is an alternative to standard cold infla-
tion [4], where the interaction between inflaton and radia-
tion can cause an extra dissipative term. The dissipative
effects can lead to a sustainable radiation production,
so the Universe can become radiation-dominated with-
out reheating process. In warm inflation, density fluc-
tuations come from thermal fluctuation, which is much
larger than quantum fluctuations in cold inflation. Con-
sequently, warm inflation can happen at a much smaller
energy scale, and this leads to suppressed tensor-to-scalar
ratio. Many inflationary potentials excluded in cold infla-
tion become consistent with observations again in warm
inflation. There have been various studies on warm in-
flation [5–8], and many interesting features are explored.
Although warm inflation remains an appealing alterna-
tive to standard cold inflation, realizing warm inflation in
concrete models is not easy. When coupling the inflaton
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directly with light fields, we have to make sure that the
thermal corrections to the inflaton potential is not large,
so that the inflaton potential remains flat and we can
get sufficient e-foldings. At the same time, the dissipa-
tive effects should be strong enough to sustain a thermal
bath at temperature T > H during inflationary universe.
In Ref. [9], the authors examined the feasibility of warm
inflation from various viewpoint, and showed that it was
extremely difficult or perhaps even impossible to realize
the idea of warm inflation. Recently, a scenario fulfill-
ing these conditions has been proposed in [10], where
the inflaton is a pseudo-Goldstone-boson coupled to a
pair of fermionic fields through Yukawa interactions. In
this case, the inflaton’s mass gets protection from large
thermal corrections due to the symmetries obeyed by the
model, so the slow-roll of warm inflation will not be af-
fected. This leads to enough dissipation with only a small
number of fields, and a linear T dissipative coefficient.
The simplest inflationary models comprise only a sin-
gle scalar degree of freedom, which are sufficient to
obtain predictions consistent with observational con-
straints. Single-field inflation may seem natural from the
perspective of simplicity and economy, but the status is
not certain from perspective of microphysical origin of
inflation [11]. In fact, fundamental physics seems to pre-
dict the existence of a large number of scalar fields [12].
If the inflationary scale is not widely separated from the
next relevant mass scale, it is natural to expect infla-
tionary models with more than one active scalar fields.
Inflation driven by multiple scalar fields has some spe-
cific features, such as large non-Gaussianity [13–15], the
presence of isocurvature perturbation [16, 17], which can
be narrowly constrained by the improved observational
data in the future.
The content of the early universe is usually treated as
a mixture of radiation fluid and scalar fields, in which
interactions between different fields and dissipative ef-
fects play an important role. Therefore, to study the
dynamical and perturbation features of multi-component
cosmology and how it is constrained by observation is an
2important topic. One of the models including all these ef-
fects is the multi-field warm inflation paradigm, in which
the radiation is regarded as a perfect fluid. In this pa-
per we will focus on two-field warm inflation and try to
reveal some features of multi-field inflation by constrain-
ing our models with observation data. In our previous
work [18], we have shown some simple conclusions in
a temperature(T ) independent dissipative coefficient γ,
which is not a realistic case. Now we extend our analysis
as a next step to a linear T dissipative coefficient. In
Ref. [10] it has been shown that a dissipative coefficient
γ = CTT can be realized in a Little Higgs model, which
put warm inflation on a solid footing in the aspect of
model building.
This work is organized as follows. In Section II, we
introduce some basics of two-field warm inflation, and
derive the full set of equations describing the background
dynamics and perturbations. In Section III, we give the
main features of two-field warm inflation by numerically
solving the equations obtained in Section II. In Section
IV, we use the Planck data to constrain our models, and
give the observational constraints on model parameters.
In Section IV, we present our conclusions.
II. BASICS OF TWO-FIELD WARM
INFLATION
The two-field warm inflation dynamics is character-
ized by the coupled background equations of inflaton field
φ(t), χ(t) and radiation density ρr(t),
φ¨+ (3H + γ) φ˙+ Vφ = 0,
χ¨+ (3H + γ) χ˙+ Vχ = 0,
ρ˙r + 4Hρr = γ
(
φ˙2 + χ˙2
)
, (2.1)
where V is the inflaton potential, Vφ = ∂V (φ, χ)/∂φ,
Vχ = ∂V (φ, χ)/∂χ, overdots represent derivatives with
respect to cosmic time t, and γ is dissipative coefficient.
In general case, γ is a function of background inflaton
fields and the temperature T . For simplicity, we will use
the Planck Unit in the following context,
8πG = kB = ~ = c = 1,
where G is Newton’s gravitational constant, kB is Boltz-
mann’s constant, ~ is the reduced Planck’s constant, and
c is the speed of light. In a spatially flat universe, the
Friedmann equations read:
3H2 =
1
2
φ˙2 +
1
2
χ˙2 + V (φ, χ) + ρr, (2.2)
and the slow-roll parameters are defined as,
ǫ = − H˙
H2
, η = − H¨
2HH˙
. (2.3)
Inflation takes place when the slow-roll condition ǫ < 1,
|η| < 1 are satisfied. In slow-roll approximation we have,
(3H + γ) φ˙+ Vφ = 0, (2.4)
(3H + γ) χ˙+ Vχ = 0, (2.5)
4Hρr = γ
(
φ˙2 + χ˙2
)
. (2.6)
For convenience, we define adiabatic field σ and en-
tropy field s by making a rotation in field space, where
dσ is tangent to the background trajectory and ds is nor-
mal to it [19, 20],(
dσ
ds
)
=
(
cos θ sin θ
− sin θ cos θ
)(
dφ
dχ
)
, (2.7)
where cos θ = φ˙√
φ˙2+χ˙2
, sin θ = χ˙√
φ˙2+χ˙2
. With this def-
inition, the background equations Eqs. (2.1) and (2.2)
become,
σ¨ + (3H + γ) σ˙ + Vσ = 0,
θ˙σ˙ + Vs = 0,
ρ˙r + 4Hρr = γσ˙
2,
3H2 =
1
2
σ˙2 + V + ρr (2.8)
where Vσ = cos θVφ + sin θVχ, Vs = − sin θVφ + cos θVχ.
In this case, slow-roll parameters can be expressed by,
ǫ = ǫσ + ǫr, ǫσ =
1
2
σ˙2
H2
, ǫr =
2
3
ρr
H2
,
η =
ǫσ
ǫ
ησ +
ǫr
ǫ
ηr, ησ = − σ¨
Hσ˙
, ηr = −1
2
ρ˙r
Hρr
. (2.9)
In order to study the evolution of perturbations, we
decompose each of the fields into a spatially homoge-
nous background field and its perturbations, φ(x, t) →
φ(t) + δφ(x, t), χ(x, t) → χ(t) + δχ(x, t). Similarly, it is
convenient to decompose the field perturbation into an
adiabatic component δσ and entropy component δs [21],(
δσ
δs
)
=
(
cos θ sin θ
− sin θ cos θ
)(
δφ
δχ
)
. (2.10)
The line element of the Friedmann-Robertson-Walker
(FRW) metric is given by,
ds2 = −(1 + 2A)dt2 + 2a∂iBdxidt
+ a2((1 − 2ψ)δij + 2∂i∂jE)dxidxj . (2.11)
In warm inflation, we have to take into account the
perturbations result from both the inflation field and ra-
diation. Therefore, the total gauge-invariant comoving
curvature perturbation can be split into two parts [22–
24],
R = ǫσ
ǫ
Rσ + ǫr
ǫ
Rr, (2.12)
3where Rσ = ψ + H δσσ˙ , Rr = ψ − aH (B + δu), and δu
is the scalar velocity potential of the radiation fluid. For
convenience, we also define the isocurvature perturbation
S = H δsσ˙ . The power spectrum of comoving curvature R
perturbation is given by,
PR = k
3
2π2
〈R2〉, (2.13)
and the power spectrum of inflaton perturbation Rσ, ra-
diation perturbationRr and isocurvature perturbation S
are [25],
Pσ = k
3
2π2
〈R2σ〉, Pr =
k3
2π2
〈R2r〉, PS =
k3
2π2
〈S2〉, (2.14)
where k denotes comoving wave number. In warm in-
flation, density perturbations mainly arise from thermal
noise [26]. On small scales (k ≫ aH) the metric fluctu-
ations have little effects [27, 28], so inflaton fluctuations
δϕI(δϕI = δφ, δχ) are described by a Langevin equation
[29],
¨δϕI(k, t)+ (3H + γ) ˙δϕI(k, t)+
k2
a2
δϕI = ξI(k, t), (2.15)
where ξI(k, t) is a white-noise term and different com-
ponents of ξI(k, t) is independent of each other. In this
case, there is no coupling between different components
of inflaton perturbations before horizon-crossing, which
is a common assumption in standard multi-field inflation.
In the high temperature limit, the noise source is Marko-
vian,
〈ξI(k, t)ξJ (−k′, t′)〉 = 2γTa−3(2π)3δIJδ3(k − k′)δ(t− t′),
(2.16)
where T denotes the temperature and a is the scales fac-
tor. The relationship between radiation energy density
ρr and T is ρr =
π2
30 g∗T
4, where g∗ is the effective particle
number of radiation fluid [30]. We will take g∗ = 228.75
in the following numerical calculation, which is the num-
ber of degrees of freedom for the Minimal Supersymmet-
ric Standard Model [31, 32]. After horizon-crossing, the
effects of thermal noise are suppressed while the metric
perturbation come to play an important role [33]. In
previous studies, the perturbations in sub-horizon and
super-horizon scales are often treated separately for sim-
plicity. The power spectrum in warm inflation has been
studied in many previous works [34–36], and a general
expression for amplitude of inflaton power spectrum is
given by [37],
P∗δσ =
(
H∗
2π
)2(
T∗
H∗
2πQ∗√
1 + 4πQ∗/3
+ 1 + 2n∗
)
G(Q∗),
(2.17)
where a subscript “*” denotes variables evaluated at hori-
zon crossing, Q = γ/(3H) is the dissipative ratio, and
n∗ = 1/
(
eH∗/T∗ − 1) is the statistical distribution of in-
flaton fluctuations at horizon crossing [38]. The function
G(Q∗) represents the growth of PR due to the coupling
between inflaton fluctuations and radiation fluctuations,
and this growing function can only be determined by
solving the perturbation equations numerically.
When performing numerical calculations, it is more
convenient to take e-foldings N (dN = Hdt) as the time
variable. In order to get a full picture of the evolution of
perturbations, we take into account all kinds of perturba-
tions in two-field warm inflation, and give the evolution
equation of Rσ, Rr and δs beyond slow-roll approxima-
tion (see Appendix A for more details),
Rσ ′′ + (3 + 3Q+ ǫr + ǫσ − 2ησ)Rσ ′ +
(
z2 − 2λθ2ǫσ − 9Q+ 2(1 + ǫr − ησ)ǫr +Q(3ǫr − 11ǫσ + 6ηr)
)Rσ
= −(3Q+ 2ǫr)Rr ′ + (−9Q+ 2(1 + ǫr − ησ)ǫr +Q(3ǫr − 11ǫσ + 6ηr))Rr
+ 2λθδs
′ + 2 (λθ(3 + 3Q− ǫr − ησ) + λθθ) δs+ z
3/2k−3/2√
2ǫσ
ξσ, (2.18)
Rr ′′ +
(
6 + ǫr + ǫσ − 7
2
ηr
)
Rr ′
+
(
1
3
z2 + 9 +
1
2
(−9 + ǫσ)ηr + 2(4 + ǫσ − 2ηr)(ǫr + ǫσ − ησ) +
(
−1 +Q+ 2
3
ǫr
)
ǫσ
)
Rr
=
(
2
3
ǫσ +
5
4
(4− 2ηr)
)
Rσ ′ +
(
9 +
1
2
(−9 + ǫσ)ηr + 2(4 + ǫσ − 2ηr)(ǫr + ǫσ − ησ) +
(
−1 +Q+ 2
3
ǫr
)
ǫσ
)
Rσ
+
1
3
(−6 + 2ǫσ + 3ηr)λθδs, (2.19)
4δs′′ + (3 + 3Q− ǫr − ǫσ)δs′ +
(
z2 +
Vss
H2
− 2λθ2ǫσ
)
δs
= −4λθǫσRσ ′ − 4λθǫσǫrRσ + 4λθǫσǫrRr + z3/2k−3/2ξs, (2.20)
where a prime denotes a derivative with respect to e-
folding N , and λθ = θ
′/σ′, λθθ = θ
′′/σ′. Vss =
sin2 θVφφ+cos
2 θVχχ is the effective mass of entropy field
s, and z = kaH . ξσ, ξs are two gaussian white noise and
their correlation function are,
〈ξI(k,N)ξJ(−k′, N ′)〉 = 2γT (2π)3δIJδ(3)(k−k′)δ(N−N ′)
(2.21)
where I, J = σ, s. Similarly, using N as the time variable,
we can put Eqs. (2.1) and (2.2) in the form,
φ′′ + (3 + 3Q− ǫ)φ′ + Vφ
H2
= 0, (2.22)
χ′′ + (3 + 3Q− ǫ)χ′ + Vχ
H2
= 0, (2.23)
ρ′r + 4ρr = 3H
2Q
(
φ′
2
+ χ′
2
)
, (2.24)(
3− 1
2
φ′
2 − 1
2
χ′
2
)
H2 = V + ρr. (2.25)
Note that the slow-roll parameters in above equations
are treated as a function of time variable N , and can be
determined by solving background equations Eqs. (2.22),
(2.23), (2.24) and (2.25). When dealing with multi-field
inflation, it is necessary to go beyond slow-roll, or we will
miss some important features. In this case, the numerical
method is almost essential, because we can hardly find
any analytic results.
III. NUMERICAL EXAMPLES
In order to get a picture of the dynamics and perturba-
tions of two-field warm inflation, we apply the formalism
to a simple example in this section. We use the two-field
quadratic inflation as an example, in which the potential
is given by [39],
V (φ, χ) =
1
2
m2φφ
2 +
1
2
m2χχ
2. (3.1)
Although these two scalar fields have no direct cou-
pling, they can interact gravitationally during inflation.
We will show that even the simplest two-field warm in-
flation models can display interesting features, which is
very different from the single-field cases. In the following
calculations, we set N = 0 when the relevant scales cross
the Hubble horizon, and we fix Ne = 60 when inflation
ends for definite calculation.
At the beginning of our analysis, we use a representa-
tive example to demonstrate the main features of back-
ground dynamics and perturbations of two-field warm
inflation. In the example, we set mφ = 2× 10−8, and the
FIG. 1: The evolution of inflaton (φ,χ) and slow-roll pa-
rameters ǫ, η are shown against e-foldings N . In this ex-
ample, we choose the initial condition (φ0, χ0) = (2.67, 2.23),
CT = 0.048, and inflation ends at about N = 60 in this case.
From the lower panel, we can know that when the field χ de-
cay to zero, a local extreme occurs for slow-roll parameters ǫ
and η.
mass ratio Rm = mχ/mφ = 5. After choosing the initial
condition (φ0, χ0) = (2.67, 2.23) and CT = 0.0483, we
can perform our numerical computation by solving the
background equations Eqs. (2.22), (2.23), (2.24), (2.25)
and stochastic perturbation equations Eqs. (2.18), (2.19)
and (2.20). Note that since the background dynamics will
tend to the slow-roll trajectory soon, the initial value of
φ˙∗, χ˙∗ and ρr∗ have little impact on the final results. In
order to eliminate the influence of initial conditions of
perturbations equations, we begin our numerical integra-
tion about 5 e-foldings before Hubble exit. The results
are shown in Fig. 1 and Fig. 2.
5FIG. 2: The evolution of perturbations Rσ, Rr, S , and the power spectrum of each kind of perturbations are shown in this
figure. In the top two panels, we show a single realization of stochastic perturbation equation, and the power spectrum of
each perturbation are illustrated in the lower two panels, which represent an average over 5000 runs. We zoom in to the few
e-foldings around horizon crossing to given more details in the left two panels.
In warm inflation, thermal effects decrease until the
fluctuations freezes out which is determined by k2/a2 ≈
(3H + γ)H , and the freezeout time NF always precedes
the horizon crossing time [40]. According to Fig. 2 we
know before freezeout time the system is dominated by
stochastic noise, and the initial condition of perturba-
tions have little impact on the final results. In the pe-
riod between freeze-out and horizon crossing, the power
spectrum Pσ and Pr may get enhanced due to the cou-
pling between perturbations of radiation and inflaton,
as illustrated in the lower left panels of Fig. 2. This
growing mode occurs only when Q∗ > 1 (in the exam-
ple illustrated in Fig. 2, Q∗ ≈ 10), and in weak regime
of warm inflation this is replaced by a constant mode
[41]. After horizon-crossing, the power spectrum PR
do not change for a while until the turning occurs at
background trajectory. When background evolution tra-
jectory change direction, the parameter θ˙2 can become
large, which will make the the perturbation Rσ, Rr cou-
pled strongly with isocurvature perturbation S as shown
in Eqs. (2.18), (2.19) and (2.20). At this moment, Rσ,
Rr increases obviously while S decays to zero. In the fol-
lowing period there is only one active scalar field and the
curvature perturbation tend to a constant value. We also
know from the top two panels of Fig. 2 that Rσ ≈ Rr on
super-horizon scales, and they evolve together until the
end of inflation. Therefore, we can use Rσ to represent
curvature perturbation R according to Eq. (2.12).
IV. CONSTRAINTS FROM OBSERVATIONAL
DATA
In previous subsection we have known the main fea-
tures of background dynamics and perturbation power
spectrum in two-field warm inflation, and now we turn
to the consistency with observational data. In order to
compare with the observational data, we should get the
power spectrum PR at the end of inflation first, and then
we can obtain the spectral index ns using finite difference
method [42],
ns − 1 = d lnPR
d ln k
. (4.1)
The tensor mode of perturbations is not affected by the
thermal noise, so the tensor power spectrum and tensor-
6FIG. 3: The numerical results (blue dots) and analytic fitting function of G(Q∗) (black line) are shown against Q∗. In general,
the analytic expression G(Q∗) fits well with the numerical results, and the figure shows the growing function G(Q∗) is slightly
different for different potentials. At the lower right part of each panel, we zoom in to give more details for small values of Q∗.
to-scalar ratio are given by [43],
PT = 8
(
H∗
2π
)2
, r =
PT
PR . (4.2)
There exist two methods available to compute the final
PR. The most straightforward way is the method we use
in the previous section, where we perform our analysis by
solving the coupled stochastic system numerically until
the end of inflation. However, this is a computationally
intensive way and the calculations consumes a long CPU
time, because we have to perform tens of thousands of
runs to get a relative accurate result. There exists an-
other approach to achieve our purpose which is used more
widely. We can use the analytic expression Eq. (2.17) to
express Pδσ at horizon crossing, and the growing function
G(Q∗) can be determined by integrating the stochastic
equations a few e-foldings before horizon crossing. Af-
ter horizon crossing, we can use δN -formalism to get the
time evolution of PR until the end of inflation,
PR = P∗δσ
(
N2φ∗ +N
2
χ∗
)
, (4.3)
where P∗δσ is the power spectrum of field perturbation
δσ at horizon crossing.
In the following investigation, we take four representa-
tive values of mass ratio Rm, Rm = 1, Rm = 1.5, Rm = 2
and Rm = 3 as examples. To obtain the growing func-
tion G(Q∗) in Eq. (2.17) in two-field warm inflation, we
carry out a numerical simulation for each value of Rm.
G(Q∗) and numerical results of simulations are shown in
Fig. 3. According to Fig. 3, we know the function G(Q∗)
fits well with the numerical results.
With a given mass ratio Rm, for every set of initial
conditions (φ∗, χ∗), we can determine the value of mφ
and CT using Ne = 60 and observational constraints
PR = 2.2 × 10−9 at the end of inflation. And then
with the value of (mφ, CT ) we can obtain the spectral
index and tensor-to-scalar ratio (ns, r) with Eqs. (4.1)
and (4.2). Therefore, we have a corresponding (ns, r) for
every set of initial condition (φ∗, χ∗). We show the final
value of spectral index ns with initial condition (φ∗, χ∗)
in Fig. 4. In every panel in Fig. 4, the damping strength
7FIG. 4: The final spectral index ns are plotted against the initial condition (φ∗, χ∗). In each panels, the dissipative ratio Q∗
are generally larger when (φ∗, χ∗) are closer the the original point (0, 0), and the farthest points in each direction denotes
Q∗ = 0 (cold two-field inflation). The figure also shows that the dissipative effects will render the power spectrum blue-tilted.
Meanwhile, multi-field effects will make ns take values in a wider range.
Q∗ is larger when (φ∗, χ∗) are near to original point (0, 0).
According to the figure we know the strong dissipative
effect will render the spectrum blue-tilted, which agree
with the conclusion in single-field cases. In all direc-
tions, the farthest (φ∗, χ∗) from original point represent
the case Q∗ = 0 (cold inflation). We also find when
Rm = 1 (mφ = mχ), ns is the same for all the points
(φ∗, χ∗) of same distance from original point. However,
this property of symmetry no longer exists when Rm 6= 1.
In fact, when Rm = 1, the background evolution trajec-
tory is a straight line in field space of (φ, χ), so there is
only one degree of freedom, which is the same as single-
field cases. In the following context, we use this case
to represent an example of single-field warm inflation for
comparison with other cases.
In order to compare our results with observational
data directly, we also show our results in (ns, r) plane,
as illustrated in Fig. 5. For each Rm, we plot (ns, r)
in the same plot with the allowed contour plots of
Planck data (68% and 95% C.L. results from Planck 2018
TT,TE,EE+lowE+lensing) [44]. Note that in the figure
we represent Q∗ = 0, Q∗ = 1, and Q = 10 with thick
black lines (the line for Q∗ = 0 is at the top of the blue-
shaded region, which represent the cold inflation cases).
As described above, we can treat the Rm = 1 case as a
single-field warm inflation example. Comparing Rm = 1
with other values of Rm, we can conclude that the multi-
field effects will make ns distribute in a wide range for
every value of r, rather than a point. Besides, the dissi-
pative effects have an impact both on the spectral index
ns and tensor-to-scalar ratio r, while the multi-effects
have little influence on r. According to Fig. 5 we know
in single-field cases, strong version of warm inflation is
disfavored by observation for the dissipation will render
the spectrum blue-tilted. However, warm inflation can
happen when Q∗ > 1 in multi-field cases. For all cases
we studied In Fig. 5, ns shows oscillatory features when
Q∗ changes, and this interesting feature also happen in
Ref. [37]
8FIG. 5: Observational predictions (blue regions) of two-field warm inflation models with differential mass ratio Rm. The gray
contours correspond to the 68% and 95% C.L. results from Planck 2018 TT,TE,EE+lowE+lensing data. Note that when
Rm = 1, the results are same to the single-field case. The black lines at the top of blue regions in each panel denote Q∗ = 0
(cold two-field inflation). The lower right panel shows that strong dissipative warm inflation is observationally favored due to
the multi-field effects in warm inflation.
We find Q∗ < 0.0018, r > 0.0090 for Rm = 1, which
means only weak versions of warm inflation is allowed
by observation, and this is consistent with the previous
studies on single-field warm inflation [45]. When Rm =
1.5, the dissipative strength Q∗ can take values Q∗ <
0.0024, and r > 0.0077. In case of Rm = 2, Q∗ lies in
a slight wider range Q∗ < 0.0044, and r takes values
r > 0.0057. For Rm = 3, Q∗ can be as large as 100,
which means warm inflation is no longer restricted to
weak regimes, and this is very different from single-field
cases. In this case, r has a lower bound about 10−15.
Another potential discriminator between different in-
flationary models is the non-Gaussianity produced during
inflation. The nonlinear parameter fNL is given by,
fNL = f
(3)
NL + f
(4)
NL , (4.4)
where f
(3)
NL is a slow-roll suppressed term coming from
the intrinsic non-Gaussianity in δφ and δχ. It has been
shown that f
(3)
NL is much less than unity [46], which is too
small to be observed by the current CMB experiment.
Therefore, we will concentrate on the second term f
(4)
NL ,
which can be expressed using δN formalism [15],
f
(4)
NL =
5
6
∑
IJ N,IJN,IN,J(∑
I N
2
,I
)2 , (4.5)
where N,I = ∂N/(∂ϕ
I
∗), N,IJ = ∂
2N/(∂ϕI∗∂ϕ
J
∗ ), and the
index I, J run over all of the fields.
We have performed some numerical calculations of f
(4)
NL
using Eq. (4.5), and obtained the final value of f
(4)
NL at the
end of inflation. According to our results, the nonlinear
parameter f
(4)
NL = 2.3× 10−3 for strong dissipative warm
inflation, and f
(4)
NL = 6.9×10−3 for weak dissipative warm
inflation. Our results are of the same order of magnitude
9FIG. 6: The evolution of nonlinear parameter f
(4)
NL . We take Rm = 2, 5 and Q∗ = 0.1, 10, and the values of f
(4)
NL at the end of
inflation are indicated in each panel. In our numerical examples, turns of trajectories in field space all occur between N = 10
and N = 30.
as some previous studies on warm inflation and multi-
field inflation [13, 20, 47, 48]. In Fig. 6, taking Rm = 2,
5 and Q∗ = 0.1, 10 as examples, we give the evolution
of f
(4)
NL from Hubble exit until the end of inflation. As
illustrated in Fig. 6, f
(4)
NL grows sharply when the heavy
field decay to zero, corresponding to the turn of trajec-
tory in field space, but then decrease. After this moment,
there is only one effective field and the nonlinear param-
eter become slow-roll suppressed, which is the same as
single-field inflation. We can also conclude from Fig. 6
that multi-field inflation do not necessarily produce large
non-Gaussianity, and the mass ratio Rm does not have a
significant impact on the final nonlinear parameter f
(4)
NL .
V. CONCLUSIONS
In this work, we have tried to explore the main fea-
tures of perturbations in two-field warm inflation, and
then use the observational data to constrain our mod-
els. We use the two-field quadratic warm inflation model
with a linear-T dissipative coefficient as a representative
example, and carry out exhaustive numerical simulations
to reveal the main features of multi-field warm inflation.
Firstly, we derived the full set of equations describing
background dynamics and perturbations. Taking into
account of the stochastic noise, these are a set of coupled
stochastic differential equations (SDE). Then we apply
the formula to an example and get the main features of
the evolution of perturbations by solving the SDE numer-
ically. We have shown that the curvature perturbation
R ≈ Rσ ≈ Rr in super-horizon scales and the isocur-
vature will decay to zero before the end of inflation. In
the following calculation, instead of integrating the SDE
to the end of inflation directly, we take a less compute-
intensive method to get the power spectrum at the end
of inflation. We use a analytic formula Eq. (2.17) to de-
scribe PR at horizon crossing, in which the growing func-
tion G(Q∗) is obtained by fully numerical method. After
horizon crossing, δN -formalism is used to get the final
power spectrum PR at the end of inflation. With the ob-
servational constraints PR = 2.2×10−9 and Ne = 60, we
obtain a set of (ns, r) for every initial condition (φ∗, χ∗),
as illustrated in Fig. 4. At last, we show our results in
(ns, r) plane in Fig.5, and compare the observational pre-
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dictions of our models with the latest Planck data.
According to Fig. 5, we know that in single-field in-
flation, warm inflation only occurs in weak dissipative
regime, because the strong dissipation will render the
power spectrum blue-tilted, which is not compatible with
observation. However, the multi-field effects will cause
the spectral index ns take values in a wide range for
every r, rather than just a point. In this condition, ob-
servations are less effective in constraining ns, and when
the multi-effects is large enough strong versions of warm
inflation can become favored by observation.
The thick black line in each panels of Fig. 5 represents
Q∗ = 0 (cold inflation), from which we know the multi-
effects will not change the tensor-to-scalar ratio r very
much. Therefore, the inflationary models ruled out by
observation for predicting to large r may not be rescued
in the multi-field case.
The existence of isocurvature perturbations will lead
to the time evolution of the curvature perturbation R,
and this evolution can happen even in post-inflationary
era. Therefore, multi-field inflation is generally not pre-
dictive, unless an adiabatic limit is reached before the
end of inflation. Fortunately, in all the cases we studied,
the isocurvature mode of perturbations decay to zero be-
fore the end of inflation, as illustrated in Fig. 2. How-
ever, Fig. 5 shows even in this condition, two-field warm
inflation models are not well constrained by the observa-
tional results of (ns, r), especially when the mass ratio
Rm is large. In this case, other observational predictions
such as the running of spectral index can be used to con-
strain inflationary models, and we will leave this to future
study. On the other hand, if two mass scales are widely
separated, inflation tends to be dominated by only the
light field. Under this circumstance, we will go back to
single-field warm inflation.
Compared with single-field cases, slow-roll parameters
may become relatively large in multi-field warm inflation.
We have to go beyond the slow-roll approximations, or
some important features will be lost. Fig. 2 shows that
the slow-roll parameters ǫ and η have local extremes when
the heavy field χ decay to zero, and this effect becomes
more obvious when the mass ratio Rm is large. If these
extremes occur at horizon crossing by coincidence, the
slow-roll corrections will make the analytic expression
Eq. (2.17) less accurate in describing the power spectrum
at horizon crossing. As demonstrated by Fig. 3, larger
Rm will lead to higher residuals when we use the grow
function G(Q∗) to fit the data obtained by numerical sim-
ulation. A possible way to deal with this problem is that
we can integrate the stochastic perturbation equations
Eqs. (2.18), (2.19) and (2.20) directly to the end of infla-
tion without introducing the analytic formula Eq. (2.17)
at horizon crossing, which is a more compute-extensive
method. From this work, we can conclude that even the
simplest two-field warm inflation models are much more
complicated than single-field cases, and this topic needs
further investigations.
Note that in two-field quadratic warm inflation, when
mφ = mχ the background trajectory in field space is a
straight line regardless of the initial conditions. There-
fore, the isocurvature mode of perturbation have no influ-
ence on curvature perturbation according to Eqs. (2.18),
(2.19) and (2.20), so the perturbation features is the
same to the single-field case, as illustrated in the top
left panel in Fig. 5. However, this property no longer
exists in other two-field warm inflation models. For
example, in two-field quartic inflation with a potential
V = 14λφφ
4 + 14λχχ
4, the λφ = λχ case is not equivalent
to single-field inflation (we describe more details in Ap-
pendix B). Besides, the dissipative coefficient γ can be
different for φ and χ in general. In this work we use a
common γ just for simplicity, and this topic needs further
study.
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Appendix A: Perturbation Equations in Multi-field
Warm Inflation
In this section, we will present some perturbation
equations in multi-field warm inflation. For a multi-
component system consisting of two scalar field ϕI (I =
1, 2) and a radiation fluid, the Einstein equation of the
system is given by [49],
Gµν = T
(ϕ)
µν + T
(r)
µν , (A1)
where
T (ϕ)µν =ΣI∂µϕI∂νϕI − gµν
(
1
2
ΣI∂
λϕI∂λϕI + V (ϕ)
)
,
(A2)
T (r)µν =(ρr + pr)uµuν + prgµν , (A3)
where Gµν is the Einstein tensor, and T
(ϕ)
µν , T
(r)
µν are the
energy-momentum tensor of scalar fields and radiation
fluid. For the radiation fluid, pr =
1
3ρr, δpr =
1
3δρr,
where pr, ρr are the pressure and energy density of the
radiation, and δpr, δρr are their perturbations respec-
tively.
For simplicity, we will work in spatially-flat gauge
(E = ψ = 0). According to the perturbation equations
of Einstein equation, we can represent metric perturba-
tion A, B in terms of perturbations of scalar fields and
radiation [50],
A =
−δqr +ΣI ϕ˙IδϕI
2H
, (A4)
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B = − a
4k2H2
(24H2δqr
+ (4ρr +ΣI ϕ˙I
2)(−δqr +ΣI ϕ˙IδϕI)
+ 2H(3 ˙δqr + 4γΣIϕ˙IδϕI +ΣI ϕ¨IδϕI − ΣI ϕ˙I ˙δϕI)),
(A5)
where δqr = a(pr+ρr)(B+δu) is the momentum density
perturbation of radiation. The variation of scalar field’s
equation of motion is given by [51],
¨δϕI + (3H + γ) ˙δϕI +
k2
a2
δϕI +ΣJVϕIϕJ δϕJ + ϕ˙Iδγ
= −(2VϕI + γϕ˙I)A+ ϕ˙I
(
A˙− k
2
a
B
)
. (A6)
After some adaption, the perturbation of energy and
momentum conservation equations of the radiation leads
to [18, 52],
¨δqr + 7H ˙δqr + 3
(
7H2 + H˙ +
1
3
k2
a2
)
δqr+
ΣI
(
1
3
ϕ˙I
2δγ+(4Hγ+γ˙)ϕ˙IδϕI+γϕ¨IδϕI+
5
3
γϕ˙I ˙δϕI
)
=
1
3
k2
a
ρrB − 16
3
HρrA+
1
3
γΣI ϕ˙I
2A− 4
3
ρrA˙. (A7)
Substituting Eqs. (2.7) and (2.10) into Eqs. (A6) and
(A7), we can get,
δ¨σ + (3H + γ) ˙δσ +
(
k2
a2
+ Vσσ − θ˙2
)
δσ − 2θ˙δ˙s
+ 2
(
2θ˙Vσ
σ˙
− θ¨
)
δs+ σ˙δγ
= −k
2
a
σ˙B − (σ˙γ + 2Vσ)A+ σ˙A˙, (A8)
δ¨s+ (3H + γ)δ˙s+
(
k2
a2
+ Vss − θ˙2
)
δs
+ 2θ˙ ˙δσ − 2θ˙σ¨
σ˙
δσ = 2θ˙σ˙A, (A9)
¨δqr + 7H ˙δqr + 3
(
7H2 + H˙ +
1
3
k2
a2
)
δqr+
5
3
γσ˙ ˙δσ + (γσ¨ + γ˙σ˙ + 4Hγσ˙)δσ +
1
3
σ˙2δγ − 2
3
γθ˙σ˙δs
=
1
3
k2
a
ρrB − 16
3
HρrA+
1
3
γσ˙2A− 4
3
ρrA˙. (A10)
where
Vσσ = cos
2 θVφφ + sin 2θVφχ + sin
2 θVχχ, (A11)
Vss = sin
2 θVφφ − sin 2θVφχ + cos2 θVχχ. (A12)
Substituting Eqs. (A4), (A5) into Eqs. (A8), (A9),
(A10), and express the equations in terms of Rσ, Rr
using Rσ = Hδσ/σ˙, Rr = −Hδqr/(pr + ρr), we get
R¨σ +
(
3H + γ +
4ρr
3H
+
σ˙2
H
+
2σ¨
σ˙
)
R˙σ +
(
k2
a2
+Hγ − θ˙2 + 4ρr
3
+
2γρr
3H
+
8ρr
2
9H2
− 11γσ˙
2
6H
− γ
2σ˙2
ρr
+
4ρrσ¨
3Hσ˙
)
Rσ
= −
(
γ +
4ρr
3H
)
R˙r +
(
Hγ +
4ρr
3
+
2γρr
3H
+
8ρr
2
9H2
− 11γσ˙
2
6H
− γ
2σ˙2
ρr
+
4ρrσ¨
3Hσ˙
)
Rr
+
2Hθ˙
σ˙
δ˙s+
(
6H2θ˙
σ˙
+
2Hγθ˙
σ˙
+
2Hθ¨
σ˙
+ θ˙σ˙ +
2Hθ˙σ¨
σ˙2
)
δs, (A13)
R¨r +
(
−H + 4ρr
3H
+
σ˙2
H
+
7γσ˙2
4ρr
)
R˙r +
(
k2
3a2
+
3γσ˙2
2H
+
9Hγσ˙2
4ρr
+
8ρrσ˙
2
9H2
+
σ˙4
2H2
+
7γσ˙4
8Hρr
+
σ˙σ¨
H
+
2γσ˙σ¨
ρr
)
Rr
=
(
σ˙2
3H
+
5γσ˙2
4ρr
)
R˙σ +
(
3γσ˙2
2H
+
9Hγσ˙2
4ρr
+
8ρrσ˙
2
9H2
+
σ˙4
2H2
+
7γσ˙4
8Hρr
+
σ˙σ¨
H
+
2γσ˙σ¨
ρr
)
Rσ
+
(
−1
3
θ˙σ˙ +
Hγθ˙σ˙
2ρr
)
δs, (A14)
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δ¨s+ (3H + γ) δ˙s+
(
k2
a2
− θ˙2 + Vss
)
δs = −2θ˙σ˙
H
R˙σ − 4θ˙σ˙ρr
3H2
Rσ + 4θ˙σ˙ρr
3H2
Rr. (A15)
Note that in case of γ = CTT , we have δγ/γ = δT/T =
δρr/(4ρr), and δγ has been eliminated from perturbation
equations. Taking into account of the stochastic noise ξ
and change the time variable from cosmic time t to e-
foldings N , we can obtain the perturbation equations in
Section II.
Appendix B: Two-field quadratic inflation with
equal masses
According to background equations Eqs. (2.22) and
(2.23), in case of mφ = mχ = m, for two-field quadratic
inflation we have,
φ′′ + (3 + 3Q− ǫ)φ′ +m2φ/H2 = 0, (B1)
χ′′ + (3 + 3Q− ǫ)χ′ +m2χ/H2 = 0, (B2)
After some adaption, the above equations can be put
in the form,
(φ′χ− χ′φ)′ + (3 + 3Q− ǫ)(φ′χ− χ′φ) = 0. (B3)
The solution of the above equation is given by,
(φ′χ− χ′φ) = Ce−
∫
N
0
(3+3Q−ǫ)dN , (B4)
where C is an integration constant. During inflation,
Q > 0 and ǫ < 1, therefore,
|φ′χ− χ′φ| < |C| e−
∫
N
0
2 dN = |C| e−2N . (B5)
From Eq. (B5), we know φ′χ − χ′φ will tend to zero
rapidly. When (φ/χ)′ = (φ′χ− χ′φ)/χ2 ∼ 0, the trajec-
tory in field space will become a straight line, which is
the same as the single-field case.
However, for two-field quartic inflation V = 14λφφ
4 +
1
4λχχ
4, the effective mass mφ = Vφφ and mχ = Vχχ are
not constants during inflation, and in general Eq. (B3) is
not valid even for λφ = λχ. In this case, we cannot reach
the above conclusion, and the background dynamics of
two-field quartic inflation display more complex behavior.
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